ON THE STRONG MAXIMUM PRINCIPLE FOR SECOND ORDER 
NONLINEAR PARABOLIC INTEGRO-DIFFERENTIAL EQUATIONS 



ADINA CIOMAGA* 



Abstract. This paper is concerned with the study of the Strong Maximum Principle for semi- 
continuous viscosity sohitions of fully nonlinear, second-order parabolic integro-differential equa- 
tions. We study separately the propagation of maxima in the horizontal component of the 
domain and the local vertical propagation in simply connected sets of the domain. We give 
two types of results for horizontal propagation of maxima: one is the natural extension of the 
classical results of local propagation of maxima and the other comes from the structure of the 
nonlocal operator. As an application, we use the Strong Maximum Principle to prove a Strong 
Comparison Result of viscosity sub and supersolution for integro-differential equations. 
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1. Introduction 

We investigate the Strong Maximum Principle for viscosity solutions of second-order non- 
linear parabolic integro-differential equations of the form 

ut + F{x,t,Du,D^u,l[x,t,u]) = in X (0,r) (1) 

where C M is an open bounded set, T > and u is a real-valued function defined on X 
[0,T]. The symbols ut, Du, D^u stand for the derivative with respect to time, respectively the 
gradient and the Hessian matrix with respect to x. i, u] is an integro-differential operator, 
taken on the whole space M^. Although the nonlocal operator is defined on the whole space, we 
consider equations on a bounded domain Q.. Therefore, we assume that the function u = u{x, t) 
is a priori defined outside the domain 0. The choice corresponds to prescribing the solution in 
X (0, T), as for example in the case of Dirichlet boundary conditions. 

The nonlinearity F is a real- valued, continuous function in $7 x [0, T] x M.^ x x M, (S^ 
being the set of real symmetric N x N matrices) and degenerate elliptic, i.e. 

F{x,t,p,X,h)<F{x,t,p,Y,h) iiX >Y, h>l2, (2) 

for all {x, t) £Tix[0,T],peR^\ {0}, X,Y and h, h € M. 

Throughout this work, we consider integro-differential operators of the type 

Z[x,t,u\= 1 {u{x + z,t) — u{x,t) — Du{x,t) ■ z1b{z)) fix{dz) (3) 
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where 1b{z) denotes the indicator function of the unit ball B and {f-tx}x£n is a family of Levy 
measures, i.e. non-negative, possibly singular, Borel measures on il. such that 

sup / min(|zp, < CO. 

In particular, Levy-Ito operators are important special cases of nonlocal operators and are 
defined as follows 

J[x,t,u]= / {u{x + j{x, z),t) — u{x,t) - Du{x,t) ■ j{x, z)lBiz)) f^{dz) (4) 
Jrn 

where /x is a Levy measure and j{x, z) is the size of the jumps at x satisfying 

\j{x,z)\ < Co\z\, Vx en,yze 

with Co a positive constant. 

We denote by USC{R'^ x [0, T]) and LSC{R'^ x [0, T]) the set of respectively upper and lower 
semi-continuous functions in X [0,T]. By Strong Maximum for equation ([TJ in an open set 
X (0, T) we mean the following. 

SMaxP: any u € USC{R.^ x [0, T]) viscosity subsolution of ([7P that attains a maximum at 
(xo,to) G X (0,T) is constant in Q x [0, to]- 

The Strong Maximum Principle follows from the horizontal and vertical propagation of max- 
ima, that we study separately. By horizontal propagation of maxima we mean the following: 
if the maximum is attained at some point (xo,to) then the function becomes constant in the 
connected component of the domain O x {to} which contains the point (xo, to). By local vertical 
propagation we understand that if the maximum is attained at some point (xo,to) then at any 
time t < to one can find another point (x, t) where the maximum is attained. This will further 
imply the propagation of maxima in the region x (0,to)- 




Figure 1. Strong Maximum Principle follows from the horizontal and vertical propa- 
gation of maxima. 



We set Qt = x (0, T] and for any point Pq = (xo,to) S Qt, we denote by S{Po) the set 
of all points Q S Qt which can be connected to Pq by a simple continuous curve in Qt and by 
C(Po) we denote the connected component of $7 x {to} which contains Pq. 
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The horizontal propagation of maxima in C(Po) requires two different perspectives. An almost 
immediate result follows from the structure of the nonlocal operator. More precisely, we show 
that Strong Maximum Principle holds for PIDEs involving nonlocal operators in the form ^ 
whenever the whole domain (not necessarily connected) can he covered by translations of measure 
supports, starting from a maximum point. This is the case for example of a pure nonlocal 
diffusion 

ut - I[x, t,u\=0 in X (0, T) 

where I is an isotropic Levy operator of form ([3]), integrated against the Levy measure associated 
with the fractional Laplacian {—A)^/'^,P G (0,2): 

The result is the natural extension to PIDEs of the maximum principle for nonlocal operators 
generated by nonnegative kernels obtained by Coville in [12\ . 



Nevertheless, there are equations for which maxima do not propagate just by translating 
measure supports, such as pure nonlocal equations with nonlocal terms associated with the 
fractional Laplacian, but whose measure supports are defined only on half space. Mixed integro- 
differential equations, i.e. equations for which local diffusions occur only in certain directions 
and nonlocal diffusions on the orthogonal ones cannot be handled by simple techniques, as they 
might be degenerate in both local or nonlocal terms but the overall behavior might be driven by 
their interaction (the two diffusions cannot cancel simultaneously). We have in mind equations 
of the type 



for x = {xi,X2) € M^. The diffusion term gives the ellipticity in the direction of X2, while the 
nonlocal term gives it in the direction of x\ 

^X'lM = j {u{xi + Zi,X2) -U{x) - -^^{x) • Zll[_l,l](2:i)^ IJ'Xiidzi) 

where {fJ.xi}xi is a family of Levy measures. However, we manage to show that under some 
nondegeneracy and scaling assumptions on the nonlinearity F, if a viscosity subsolution attains 
a maximum at Pq = (xo,to) £ Qt, then u is constant (equal to the maximum value) in the 
horizontal component C{Pq). 

We then prove the local propagation of maxima in the cylindrical region 17 x (0, T] and thus 
extend to parabolic integro-differential equations the results obtained by Da Lio in [15] and Bardi 
and Da Lio in [5] and [6] for fully nonlinear degenerate elliptic convex and concave Hamilton 
Jacobi operators. For helpful details of Strong Maximum Principle results for Hamilton Jacobi 
equations we refer to [8]. Yet, it is worth mentioning that Strong Maximum Principle for linear 
elliptic equations goes back to Hopf in the 20s and to Nirenberg, for parabolic equations |22j . 

In the last part we use Strong Maximum Principle to prove a Strong Comparison Result 
of viscosity sub and supersolution for integro-differential equations of the form ([1]) with the 
Dirichlet boundary condition 

u = ip onQ" X [0, T] 

where cp is a continuous function. 
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Nonlocal equations find many applications in mathematical finance and occur in the theory of 
Levy jump-diffusion processes. The theory of viscosity solutions has been extended for a rather 
long time to Partial Integro-Differential Equations (PIDEs). Some of the first papers are due 
to Soner [26] . |27| . in the context of stochastic control jump diffusion processes. Following his 
work, existence and comparison results of solutions for first order PIDEs were given by Sayah 
in [21] and [25]. 

Second-order degenerate PIDEs are more complex and required careful studies, according 
to the nature of the integral operator (often reflected in the singularity of the Levy measure 
against which they are integrated). When these equations involve bounded integral operators, 
general existence and comparison results for semi-continuous and unbounded viscosity solutions 
were found by Alvarez and Tourin [T]. Amadori extended the existence and uniqueness results 
to a class of Cauchy problems for integro-differential equations, starting with initial data with 
exponential growth at infinity [2] and proved a local Lipschitz regularity result. 

Systems of parabolic integro-differential equations dealing with second order nonlocal oper- 
ators were connected to backwards stochastic differential equations in [9] and existence and 
comparison results were established. Pham connected the optimal stopping time problem in a 
finite horizon of a controlled jump diffusion process with a parabolic PIDE in [23] and proved ex- 
istence and comparison principles of uniformly continuous solutions. Existence and comparison 
results were also provided by Benth, Karlsen and Reikvam in [11] where a singular stochastic 
control problem is associated to a nonlinear second-order degenerate elliptic integro-differential 
equation subject to gradient and state constraints, as its corresponding Hamilton-Jacobi-Bellman 
equation. 

Jakobsen and Karlsen in [20] used the original approach due to Jensen |21] . Ishii |18j . Ishii 
and Lions [T7], Crandall and Ishii [13] and Crandall, Ishii and Lions [13] for proving comparison 
results for viscosity solutions of nonlinear degenerate elliptic integro-partial differential equations 
with second order nonlocal operators. Parabolic versions of their main results were given in |19j . 
They give an analogous of Jensen-Ishii's Lemma, a keystone for many comparison principles, 
but they are restricted to subquadratic solutions. 

The viscosity theory for general PIDEs has been recently revisited and extended to solutions 
with arbitrary growth at infinity by Barles and Imbert [10] . The authors provided as well a variant 
of Jensen Ishii's Lemma for general integro-differential equations. The notion of viscosity solution 
generalizes the one introduced by Imbert in [16] for first-order Hamilton Jacobi equations in the 
whole space and Arisawa in [3], [3] for degenerate integro-differential equations on bounded 
domains. 

The paper is organized as follows. In section ^ we study separately the propagation of 
maxima in C(Pq) and in the region ft x (0, io)- In section ^similar results are given for Levy 
Ito operators. Examples are provided in section 21 In section ^we prove a Strong Comparison 
Result for the Dirichlet Problem, based on the Strong Maximum Principle for the linearized 
equation. 
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2. Strong Maximum Principle - General Nonlocal Operators 

The aim of this section is to prove the local propagation of maxima of viscosity solutions of 
([T|) in the cylindrical region Qt- As announced, we study separately the propagation of maxima 
in the horizontal domains Vt x {tg} and the local vertical propagation in regions x (0, to)- Each 
case requires different sets of assumptions. 

In the sequel, we refer to integro-differential equations of the form ([1]) where the function u 
is a priori given outside Assume that F satisfies 

[E) F is continuous in O x [0, T] x x x M and degenerate elliptic. 
Results are presented for general nonlocal operators 

X[x,t,n]= / {u{x + z^t) — u{x^t) — Du{x,t) ■ z\B{z))^x{dz) 

Jm 

where {/ixjxerj is a family of Levy measures. We assume it satisfies assumption 
(Af ) there exists a constant > such that, for any x £ 

\z\'^ fXxidz) + / ^^x{dz) < Cf,. 

B Jrn\B 

To overcome the difficulties imposed by the behavior at infinity of the measures {fJ-x)x, we 
often need to split the nonlocal term into 

Ig[x,t,u] = / {u{x + z,t) — u{x,t) — Du{x,t) ■ zlB{z))iJ,x{dz) 

J\z\<5 



Is[x,t,p,u] = / {u{x + z,t) - u{x,t) - p ■ zlBiz))fix{dz) 

J\z\>S 

with 0<S <1 and p G M^. 

There are several equivalent definitions of viscosity solutions, but we will mainly refer to the 
following one. 

Definition 1 (Viscosity solutions). An use function u : x [0,T] — > M is a subsolution of 
if for any (p € C^(M^ x [0, T]) such that u — (p attains a global maximum at {x,t) G $7 x (0, T) 

Mx,t) + F{x,t,(j){x,t),Dcl){x,t),D'^(l){x,t),Is[x,t,(l)] + Iglx, t,D(l){x,t),u]) < 0. 

A Isc function u : x [0, T] ^ M is a supersolution of ([T]) if for any test function (j) € 
C^(M'^ X [0,T]) such that u — 4> attains a global minimum at {x,t) G 17 x (0,T) 

(l)t{x,t) + F{x,t,<p{x,t),D(l){x,t),D^(l){x,t),ll[x,t,(t>] +ll[x,t,D(t>{x,t),u]) > 0. 



2.1. Horizontal Propagation of Maxima by Translations of Measure Supports. Max- 
imum principle results for nonlocal operators generated by nonnegative kernels defined on topo- 
logical groups acting continuously on a Hausdorff space were settled out by Coville in [12] . In the 
following, we present similar results for integro-differential operators in the setting of viscosity 
solutions. 

It can be shown that Maximum Principle holds for nonlocal operators given by ^ whenever 
the whole domain can be covered by translations of measure supports, starting from a maximum 
point, as suggested in Figure [2l 



6 A. CIOMAGA 

An additional assumption is required with respect to the nonhnearity F. More precisely we 
require that 

{E') F is continuous, degenerate elliptic and for x,p ^ and / € M 

F{x,t,0,OJ) < ^ / > 0. 

For the sake of precision, the following result is given for integro-differential equations defined 
in M^. We explain in Remark U] what happens when we restrict to some open set Q. 

Theorem 2. Assume the family of measures {//xjxen satisfies assumption (M). Let F satisfy 
{E') in X [0,T] and u G USC{M.^ x [0,r]) be a viscosity subsolution of ([IP in x (0,T). 
If u attains a global maximum at (xo,to) S x (Oi^)? then u{-,to) is constant on Un>o^"' 
with 

^0 = {a^o}, An+i= \^ {x + suppifix))- (5) 

x€A„ 

Proof. Assume that u is a viscosity subsolution for the given equation. Consider the test-function 
-0 = and write the viscosity inequality at point (a;o,to) 

F{xo,to,0,0,l}[xo,to,i;] +Is[xo,to, Dil;{xo,to),u]) < 0. 

This implies according to assumption {E'), that 




{u{xo + z, to) - ^(xo, to))Mxo {dz) > 0. 



But u attains its maximum at (2:0,^0) and thus u{xo + z,to) — u{xo,to)) < 0. Letting 6 go to 
zero we have 

u{z,to) = n(xo,to), for all z £ xq + supp(/ixo)- 
Arguing by induction, we obtain 

u{z,to) = u{xo,to),\/z G IJ An- 

n>0 

Take now zq G Un>o^"- Then, there exists a sequence of points {zn)n C Un>o^" converging 
to Zq- Since u is upper semicontinuous, we have 

u{zo,to) > limsupti(2;„,to) = u{xo,to). 
But (xo,to) is a maximum point and the converse inequality holds. Therefore 

u{z,to) = u{xo,to),yz G IJ An- 

n>0 

□ 

Remark 3. In particular when supp(//a;) = supp(/i) = B, with /i being a Levy measure and B 
the unit ball, can be covered by translations of supp(/i) starting at xq 

= a;o + IJ ( supp(/i) + ... + supp(/i) ) . 
and thus u{-,to) is constant in R^. 




Figure 2. Horizontal propagation of maxima by translations of measure supports. 

Remark 4. Whenever the equation is restricted to Q, with the corresponding Dirichlet condition 
outside the domain, then iterations must be taken for all the points in Q, i.e. 

An+l = y (X + SUpp{Hx)) 

xennAn 

In particular, if C Un>o^"' then u{-,to) is constant in Q. 

Remark 5. The domain 0, may not necessarily be connected and still maxima might propagate, 
since jumps from one connected component to another might occur when measure supports 
overlap two or more connected components. 

The previous result has an immediate corollary. If all measure supports have nonempty 
(topological) interior and contain the origin, strong maximum principle holds. 

Corollary 6. Let O be connected, F be as before and u € USCCK^ x [0,T]) be a viscosity 
subsolution of ([T]j in Vt x (0, T). Assume that {/Xxjxen satisfies (M) and in addition that the 
origin belongs to the topological interiors of all measure supports 

e supp{fj,r,)yx e ^l. (6) 

If the solution u attains a global maximum at (xo,to) G x (0, T), then M(-,to) is constant in 
the whole domain Q. 

Proof. Consider the iso-level 

Txo = {x e Q;u{x,to) = u{xo,to)}. 

Then the set is simultaneously open since € supp{fix) implies, by Theorem O together with 
Remark H] that for any x G T^o we have 

(x + supp(;Ua.)) n c r^^o 

and closed because for any x G T^q we have by the upper-semicontinuity of u 

u{x,tQ) > limsup u{y,to) = ma.xu{y,tQ) 

y^x, yero^o S/GH 

thus u{x,tQ) = ti(xo,to)- Therefore, T^o = ^ since il. is connected and this completes the 
proof. □ 
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2.2. Horizontal Propagation of Maxima under Nondegeneracy Conditions. There are 
cases when conditions dS} and ^ fail, such as measures whose supports are contained in half 
space or nonlocal terms acting in one direction, as we shall see in section ^ 

However, we manage to show that, if a viscosity subsolution attains a maximum at Pq = 
(xo,to) ^ Qt, then the maximum propagates in the horizontal component C{Pq), as shown 
in Figure [TJ This result is based on nondegeneracy (N) and scaling (S) properties on the 
nonlinear ity F: 

(N) For any x G and < to < there exist i?o > small enough and < r/ < 1 such that 
for any < i? < i?o and c > 

F{x,t,p,I — ^piSS>p,C^-cj / \p ■ fix{dz)) ^ +00 as ^ ^ +00 
uniformly for |x — rrl < R and |t — to| ^ -R) < |p| < R, where 

Cr,,^{p) = {z; < |p-z| < 1/7} 

and appears in (M). 
(5) There exist some constants Rq > 0, Sq > and 70 > s.t. for all < i? < i?0) e < 
eo and 7 > 70 the following condition holds for all jx— x| < R and |t— to| ^ R Sind R/2 < 
\p\<R 

F{x,t,ep,e{I — ^p®p),el) > eF{x,t,p,I - jp (g) p,l). 

As we shall see in 21 the assumption (M) which states that the measure fix is bounded at 
infinity, uniformly with respect to x and the possible singularity at the origin is of order |zp is 
not sufficient to ensure condition (A^). The following assumption is in general needed, provided 
that the nonlinearity F is nondegenerate in the nonlocal term. 

(M*^) For any x G there exist l</3<2, 0<77<1 and a constant C^{r]) > such that the 
following holds with Cr,^'y{p) as before 

/ klVx(fi^) >C^(?/)7''"',V7> 1. 

As pointed out in section ^ (JVF) holds for a wide class of Levy measures as well as (A^) — (S) 
for a class of nonlinearities F. 

Theorem 7. Assume the family of measures {fix}x&n satisfies assumptions (M). Let u € 
USC{M.^ X [0,T]) be a viscosity subsolution of ([7P that attains a global maximum at Pq = 
(xo,to) £ Qt- If F satisfies (E), (N), and (S) then u is constant in C{Po). 

Proof. We proceed as for locally uniformly parabolic equations and argue by contradiction. 

1. Suppose there exists a point Pi = (xi,to) such that u{Pi) < u{Po). The solution u being 
upper semi-continuous, by classical arguments we can construct for fixed to a ball B{x, R) where 

u(x, to) < M = max(ti(-, to)), Vx € B(x, R). 

In addition there exists x* € dB{x,R) such that it(x*,to) = M. Translating if necessary the 
center x in the direction x* — x, we can choose R < Rq, with i?o given by condition (A^). 
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Figure 3. Construction of the ellipsoid £r{x, to) := {{x, t); \x - + X\t - toP < R^} 
and of the corresponding auxiliary function v such that inside the dashed area, w is a 
strict supersolution of the integro-differential equation. 



Moreover we can extend the ball to an ellipsoid 

SR{x,to) := {{x,t); \x - + X\t - to\^ < R^} 
with A large enough the function u satisfies 

u{x, t) < M, for (x, t) G £r{x, to) s.t. \x - x\ < R/2. 
Remark that (x*,to) £ <9iS'r(x, to) with n(x*,to) = M. 

2. Introduce the auxiliary function 

where 7 > is a large positive constant, yet to be determined. Note that = on d£ii{x,to) 
and — 1 < < 0, in 8fi{x,tQ). Denote d{x,t) = \x — xp + A|t — toP- Direct computations give 

vtix,t) = 27e-^'^("'*)A(t-to) 
Dv{x,t) = 27e-^'^(^'*)(2;-x) 
D^v{x,t) = 27e-^'^('''*)(/-27(x-x)(g)(a;-x)). 

In upcoming Proposition [8] we show there exist two positive constants c = c{r], R) and 70 > 
such that for 7 > 70, the following estimate of the nonlocal term holds 

I[x,t,v] < 27e-^'^("'*){C'^ - C7 / |(x - x) • z\^fi,idz)} 

in the subdomain Vfi{x,to) := {(x,t) € Sji{x,to); |x — x| > R/2}. 

3. From the nondegeneracy condition (N) and scaling assumption (S) we get that u is a strict 
supersolution at points (x,t) in P/j(x,to)- Indeed, for 7 large enough 

F(x, t,x — x,I — 2'y{x — x) (g> (x — x), (7^ — C7 / | (x — x) • z\'^ fi^idz))) > 

J Crj,-iix — x) 
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On the other hand 

vt{x, t) + F{x, t, Dv{x, t), D'^v{x, t),X[x, t, v]) 

= 27e-^'^(^'*)A(t - to) + F{x,t, 2je~^'^'^''''^ {x - x), 
27e-^'^(^'*) (/ - 2j{x -x)^{x- x)) , 

...,27e-^'^(^'*){C^-c7 / _ \{x-x)-zff^^{dz)}) 

This further imphes that 

vt{x, t) + F{x, t, Dv{x, t), D'^v{x, t),I[x, t, v]) 

> 27e"'^'^('^'*) (A(t - to) + F{x, t,x-x,I - 2j{x - x) (g) (x - x), 

...,Cf,-cj \{x - x) ■ z\'^fix{dz))) > 0. 

J Cfj , ( — ) 

Furthermore, the scahng assumption [S) ensures the existence of a constant eo > such that 
for all e < Eq, ev is a strict supersolution of ([1]) in D/j(x,to)- Indeed we have 

evt{x, t) + F{x, t, eDv{x, t), eD^v{x, t),el[x, t, v]) 

> e{vt{x,t) + F{x,t,Dv{x,t),D^v{x,t),I[x,t,v])) > 0. 

4. Remark that 

V >0 in Sfiix, to) 

u<M in 8R{x,to)\'DR{x,to). 

Therefore, there exists some eo > such that for all e < eo outside the domain Pij(x,to) 

u{x,t) < u{x*,to) +ev{x,t). 

Then we claim that the inequality holds inside 2?/j(x,to)- Indeed, if u < n(x*,to) + £:v does not 
hold, then max^N{u — M — ev) > would be attained in VR{x,to) at say, {x',t'). Since u is a 
viscosity subsolution the following would hold 

evt{x' ,t') + F{x' ,t' ,eDv{x' ,t'),eD'^v{x' ,t'),I[x' ,t' ,ev]) < 

arriving thus to a contradiction with the fact that M + is a strict supersolution of ([T]). 

5. The function u{x,t) — £v{x,t) has therefore a global maximum at (x*,to)- Since u is a 
viscosity subsolution of ([T]), we have 

evt{x*,to) + F{x* ,tQ,£Dv{x* ,tQ),eD^v{x* ,to),I[x* ,to,ev]) < 0. 

As before, we arrived at a contradiction because ev is a strict supersolution and thus the converse 
inequality holds at {x*,to). Consequently, the assumption made is false and u is constant in the 
horizontal component of Pq- 

In the following we give the estimate for the nonlocal operator acting on the auxiliary function. 
We use the same notations as before. 

Proposition 8. Let R > 0, A>0, 7>0 and consider the smooth function 

d{x, t) = |x — xp + A|t — top- 
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Then there exist two constants c = c{rj, R) and 70 > such that for 7 > 70 the nonlocal operator 
satisfies 

I[x,t,t;] <27e-^'^("'*){C^-c7 / \{x - x) ■ fi^{dz)} 

J {{l~'ri)\z\\x~x\<\{x~x)- z\<l/^/} 

for all R/2 < \x - x\ < R. 

Proof. In order to estimate the nonlocal term I[x,t,v], we split the domain of integration into 
three pieces and take the integrals on each of these domains. Namely we part the unit ball into 
the subset 

Cri^^{x — x) = {z] (1 — ry)|2;||x — x\ <\{x — x) ■ z\ < I/7} 

and its complementary. Indeed Cr]^-y{x — x) lies inside the unit ball, as for |x — x| > i?/2 and for 
7 large enough 

1 2 
\z\ < ri n < —, tt; < 1- 

7(1 — r])\x — x\ 7(1 — ri)R 

Thus we write the nonlocal term as the sum 
with 

T^[x,t, -y] = / {v{x ^ z,t) - v{x,ty)iix(dz) 

J\z\>\ 



T^[x,t, -(;]= / {v{x ^ z^t) — v{x^t) — Dv(x^t) ■ z)pux{dz) 

J B\Cr,,-,ix-x) 

T^[x,t,v]= / {v{x + z,t) — v{x,t) — Dv{x,t) ■ z)iJxidz)- 



' Cf^ (^X X^ 

In the sequel, we show that each integral term is controlled from above by an exponential term 
of the form ^e"'*''^^^'*^. In addition, the last integral is driven by a nonpositive quadratic nonlocal 
term. 

Lemma 9. We have 

T^[x,t,v]< e-^'^^^'*) / fix (dz) , V(x, t) G J] X [0, T] . 



J\z\>l 

Proof. The estimate is due to the uniform bound of the measures fix away from the origin. 
Namely 



r^[x,t,v] = [ (-e-^'^(^+"'*) +e-T"^(^'*Vx(f^2) 

J\z\>l 



'\z\>l 

< [ e-^'^(^'*Vx(d2) = e-T"^(^'*) /" fLxidz) <e-^'^'^^''^Cf,. 

J\z\>l J\z\>^ 



Lemma 10. We have 

T^[x,t,v] < 7e-^'^(^'*) / I z]'^ fix{dz),\/{x,t) G ft X [0,T]. 
Jb 

Proof Note that T^[x,t,v] = -7^[x, t, e"'^'^]. Fr om Lemma [361 in Appendix 

T^[x,t,e-^'^] > e-T"^(^'*)r2[x,t,-7d] = -je-^'^^^'''>T^[x,t,d]. 



□ 
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Taking into account the expression for d{x,t), we get that 

T'^[x,t,v] < ^e-^'^^^'*) / {d{x + z,t) - d{x,t) - Dd{x,t) ■ z)fi^{dz) 

J B\C^-,,^{x-x) 
= ^e-^d{x,t) I \z\^^l^{dz) 

Jb 

□ 



Lemma 11. There exist two positive constants c = c{7], R) and 70 > such that for 7 > 70 

r^[x,t,r;] < e-^'^(^'*)(7 / \z\^ fi^{dz) - 2cj^ [ \{x - x) ■ z\^ fi^{dz)) . 

for all {x, t) e Pr. 

Proof. Rewrite equivalently the integral as 

r''[x,t,v]=T'^[x,t,v-e-^^'] = -T^[x,t,e-^'^]. 

We apply then Lemma [37] in Appendix to the function e~'^'^ and get that for all 5 > there 
exists c = c{7], R) > such that 

T'^[x,t, e-^'^] > e-^-^^^'*) (r^ [x,t, -jd] + 207^ f {d{x + z,t) - d{x,t)) (dz)) 

= -7e-^'^(^'*)(r^[a;,t,d] -2c7 / {dix + z,t) - d{x,t))^ fi^{dz)) . 

Remark that Crj^-yix — x) C Ds for 5 = 2 + -^7:^^, with 

= {z; 7((i(x + z, t) - t)) < 5} = {z; 7(2(x - x) • z + |zp) < 6}. 

We have thus 

T^[x,t,t;] < 7e-^'^(^'*)(r^[x,t,(i] -2c7 / (d(x + - d(x,t)) ^^(d^)). 

Taking into account the expression of d{x,t), direct computations give 

T^[x,t,d] = / {d{x + z,t) - d{x,t) - Dd{x,t) ■ z)n^{dz) 



Jb 



while the quadratic term is bounded from below by 

{d{x + z,t) — d{x,t)^'^ lix{dz) = I \2{x — x) ■ z + \z\^\^ ^x{dz) 

> / \{x — x) ■ z\^ jixidz) . 
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Indeed, recall that \x — x\ > R/2 and see that for all z G Cr^^'y{x — x) 

9 

(1 — ri)\x — x\\z\ < 1/7 =^ \z\ < 



(1 — r])\x — x\\z\ < |(x — x) ■ z\ ^ \z\ < 



7^(1 - V) 
2\(x -x)- z\ 



R{l-V) 

Then for 70 = 4:/R'^{l — r/)^ and 7 > 70 we have the estimate 

\2{x-x)-z + \z\^\ > 2\{x - x) ■ z\ - \z\^ > 2\{x - x) ■ z^ 4\{x - x) ■ z 



7i?2(l -r/) 



2 



= l(^-^)-^l(2- ^^2(l_,^)2 ) ^ \ix-x)-z\. 

Therefore, we obtain the upper bound for the integral term 

T^[x,tM<ie-^''^^''\j _\z\^fi,{dz)-2c-f f _ \{x-x)-zff,^Adz)). 



From the three lemmas estimating the integral terms we deduce that 



□ 



T[x,t,v] < e-^'^(^'*)| / n^{dz) + 2j \z\^ fi^{dz) - 2cj^ | (x - x) • z| ^^(d^)) 

J\z\>l JB JC,,,T.(x-x) 



< 27e-^'^(^'*) {C^-cj f _ I (x - x) • z I (dz) } . 

J Cn ( X — X) 



□ 

2.3. Local Vertical Propagation of Maxima. We show that if n G USC{R^ x [0,r]) is a 
viscosity subsolution of ([T]) which attains a maximum at Pq = (xo,io) £ Qt, then the maximum 
propagates locally in rectangles, say, 

7^(xo,^o) = {(x,t)||x* -x^l < a\to - ao <t < to} 

where we have denoted x = (x^, x^, x^). Denote by TZo{xo,to) the rectangle 72-(xo,to) less 
the top face {t = to}. 

Local vertical propagation of maxima occurs under softer assumptions on the nondegeneracy 
and scaling conditions. More precisely, we suppose the following holds: 

(A^') For any (xo,to) ^ Qt there exists A > such that 

A + F(xo,to,0,/,C'^) >0 

where is given by assumption (M). 
{S') There exist two constants tq > 0, Eq > such that for all e < eo and < r < tq the 
following condition holds for all (x,t) G B{{xo,to),r), \p\ < r, I < 

F{x,t,ep,£l,el) > £F{x,t,p, 1,1). 

Theorem 12. Let u G USC{U.^ x [0, T]) be a viscosity subsolution of ([7]) that attains a maximum 
at Po = {xo,to) G Qt- If F satisfies {E),{N') and {S') then for any rectangle Tl{xo,to), 
T^ol^^Oi^o) contains a point P ^ Po such that u{P) = u[Po). 
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Proof. Similarly to the horizontal propagation of maxima, we argue by contradiction. 

1. Suppose there exists a rectangle 7^(xo,to) on which u{x,t) < M = u{xQ,to), with 
T^o{xo,to) C J] X [0,to)- Denote h{x,t) = ^jx — xqP + A(t — to) with A > a constant yet 
to be determined. Consider the auxiliary function 

v{x,t) = l-e-'^^^'*). 

Direct calculations give 

vt{x,t) = Ae-'^^^'*) 

Dv{x, t) = e~^(^'*) (x — xo) 

D'^v{x,t) = e-''(^'*)(/- {x-xo)®ix-xo)), 

Note that 

v{xo,to) = vt{xo,to) = X 
Dv{xo, to) = D^v{xo,to) = I. 
The nonlocal term is written as the sum of two integral operators: 

t,v\ = T^[x,t,v\+'T^[x,t,v\, 

where 

T^[x,t,v\ = I {v{x + z,t) - v{x,t))iXx{dz) 

J\z\>l 

T^[x,t, = / {v{x -\- z^t) — v{x,t) — Dv{x,t) ■ z)^x{dz). 
Jb 

Similarly to Lemma [9] we obtain the estimate: 

Lemma 13. We have 

T^[x,t,v]< e-''^^'*) / nx (dz) y{x,t) enx[0,T]. 

J\z\>l 

On the other hand, the estimate obtained for the second integral term is softer than the 
estimate obtained in the case of the horizontal propagation of maxima. 

Lemma 14. We have 

T^[x,t,v] < e-''(^'*) / |z|Vx(c^z),V(x,t) enx [0,T]. 
Jb 

Proof. 1. From Lemma [36] we have 

T^[x,t,v] = -T^[x,t,e-''] < e-'^(^'*)7^[x,t,/i]. 
We then use a second-order Taylor expansion for h and get 

T^[x,t,h] = 7; sup [D'^h{x + 6z,t)z ■ z) fix{dz) 
2 Jb 6»g(-i,i) 

= ^ j^\z\'^l-'-xidz) <^ j^\z\'^fixidz), 
from where the conclusion. □ 
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We now go back to the proof of the theorem and see that 

I[x,t,v] < e-'^^^'^^Cf,. 

In particular I[xQ,tQ,v] < C^. 

2. From the nondegeneracy assumption {N') we have that there exists A > such that 

vt{xo,to) + F{xo, to, Dv{xo,to), D'^v{xo,to),I[xo, to,v]) 

> Dj(xo,to) + F{xo,to,Dv{xo,to),D^v{xo,to),Cf,) 
= X + F{xo,to,0,I,Cf,) > 0. 

Hence u is a strict supersolution of ([TJ at (xo,to)- By the continuity of F, there exists r < tq 
such that y{x,t) G B{{xo,to),r) C Qrp 

vt{x, t) + F{x, t, Dv{x, t),D'^v{x, t),I[x, t, v]) > C > 0. 

Consider then the set 

5 = B{{xo,to),r) n {{x,t)\v{x,t) < 0}. 
By (S') there exists Eq > such that Ve < eo, sv is a strict supersolution of ([1]) in S. Indeed 

evt{x, t) + F{x, t, eDv{x, t), eD'^v{x, t),el[x, t, v]) > 
e{vt{x, t) + F{x, t, Dv{x, t),D'^v{x, t),I[x, t, v])) > 0. 

3. Let £0 be sufficiently small such that 

u{x,t) — u{xQ,to) < ev{x,t), V(x,t) G dS. 

Then, arguing as in the case of horizontal propagation of maxima we get 

u{x,t) — n(xo,to) ^ ev{x,t), V(x,t) G S. 

Thus (xo, to) is a maximum oi u — ev with Dv{xq, Iq) = X > 0. Since n is a subsolution, we have 

evt{xQ,to) + F{xo,to,ev{xo,to),eDv{xo,to),eD'^v{xo,to),I[xo,to,ev]) < 0. 

We arrived at a contradiction with the fact that ev is a strict supersolution. Thus, the supposition 
is false and the rectangle contains a point P ^ Pq such that u{P) = u{Pq). 

□ 

Example 15. Non-local first order Hamilton Jacobi equations describing the dislocation dynamics 

ut = (c(x) +M[u])\Du\ 
where M is a zero order nonlocal operator defined by 

M[u]{x,t)= / (u{x + z,t) - u{x,t))fi{dz) 

with 

fi{dz)=g{^) ^ 



z\-\z\^+^ 



have vertical propagation of maxima. 

Indeed, they do not satisfy any of the sets of assumptions required by Theorems [2] and [71 
Particularly nondegeneracy condition (A^) 

-{c{x) + C^)\p\>0 
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fails for example if c{x) > 0, and holds whenever c{x) < —C^. Hence, one cannot conclude on 
horizontal propagation of maxima. 

On the other hand we have local vertical propagation of maxima, since {N') is immediate and 
{S') is satisfied hy F = —c{x)\p\, the linear approximation of the nonlinearity 

— {c{x) + el)\ep\ = —ec{x)\p\ + o(e^). 

2.4. Strong Maximum Principle. When both horizontal and local vertical propagation of 
maxima occur for a viscosity subsolution of ([1]) which attains a global maximum at an interior 
point, the function is constant in any rectangle contained in the domain 0, x [0,to] passing 
through the maximum point. 

Proposition 16. Let u G USC{M.^ x [0,T]) be a viscosity subsolution of U^) in Q x (0, T) that 
attains a global maximum at (a;o,to) £ Qt- Assume the family of measures {Hx}xen satisfies 
assumption (Af) and assume Q C IJ^^Q^n, with {yl„}„, given by If F satisfies {E'), [S') 
and {N') then u is constant in any rectangle TZ{xo,to) C J7 x [0,to]- 

Proposition 17. Let u G USC{M.^ x [0,T]) be a viscosity subsolution of ^^ that attains a 
global maximum at Pq = (xo,to) £ Qt- If F satisfies (E), (N) — {N'), and (5) — (5'), then u is 
constant in any rectangle TZ{xQ,tQ) C $7 x [0, to]- 

From the horizontal and local vertical propagation of maxima one can derive the Strong 
Maximum Principle. The proof is based on geometric arguments and is identical to that for 
fully nonlinear second order partial differential equations. 

Theorem 18 (Strong Maximum Principle). Assume the family of measures {fJ,x}xen satisfies 
assumption (M). Let u € USC{EJ^ x [0,T]) be a viscosity subsolution of (CP that attains a 
global maximum at Pq = (xo,to) € Qt- If F satisfies (E), (S) — {S'), and (N) — {N'), then u is 
constant in S{Pq). 

Proof. Suppose that u ^ u{Pq) in S{Po). Then there exists a point Q G S{Po) such that 
u{Q) < u{Po). Then, we can connect Q to Pq by a simple continuous curve 7 lying in S{Po) 
such that the temporal coordinate t us nondecreasing from Q to Pq. On the curve 7 there exists 
a point Pi take takes the maximum value u{Pi) = u{Pq) and at the same time, for all the points 
P on 7 between Q and Pi we have u{P) < u{Po). We construct a rectangle 

xj — a < Xi < xj + a,i = l,n, t^ — a < t < ti 

where {xj,t^) are the coordinates of Pi and a sufficiently small such that the rectangle does not 
exceed the domain il.. Applying the vertical propagation of maxima we deduce that u = u{Pq) 
in this rectangle. Thus, the function is constant on the arc of the curve lying in this rectangle. 
But this contradicts the definition of Pi. 

□ 

Similarly the following holds. 

Theorem 19 (Strong Maximum Principle). Let u € USC{MJ^ x [0, T]) be a viscosity subsolution 
of ([7P in X (0, T) that attains a global maximum at (xq, to) S x (0, T] . Assume the family 
of measures {^x^xi^Q. satisfies assumption (M) and F satisfies {E'), {S') and {N'). Then u is 
constant in IJn>o^" ^ [0)^o] with {An}n given by (0). 
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3. Strong Maximum Principle for Levy-Ito operators 

The results established for general nonlocal operators remain true for Levy-Ito operators. We 
translate herein the corresponding assumptions and theorems on the Strong Maximum Principle 
for second order integro-differential equations associated to Levy-Ito operators 

J[x,t,u]= I {u{x + j{x, z),t) — u{x,t) - Du{x,t) ■ j{x,z)lBiz))n{dz), 

where is a Levy measure. In the sequel we assume that F respects the scaling assumption (5) 
and the nondegeneracy condition 

i^Ll) For any x S and < to < ^ there exist Rq > small enough and < t] < 1 such that 
for any < R < Rq and c > 

F{x,t,p, I — yp p,C^ — cy / |p • z) |^/i((i2:)) — )• oo as 7 ^ (X) 

uniformly for Ix — x| < R and |t — to| ^ < \p\ < R, where 

Cv,'y{p) = {z; (1 -V)\j{x,z)\\p\ < \p-j{x,z)\ < 1/7}. 
and that the Levy measure fi satisfies assumptions 
{Mli) there exists a constant > such that for any x € ^2, 

\j{x,z)\'^fi{dz) + / fi{dz) < C^; 

B JR^^XB 



(Mf^j) For any x Q there exist l</3<2,0<7/<l and a constant C^ijj) > such that the 
following holds 



\j{x,z)\'fi{dz)>C^{rj)y^-\yj>l. 

Theorem [2] holds for Levy-Ito operators, since Levy Ito measures can be written as push- 
forwards of some Levy measure /i 

fJ'X = {j{x, •)*(/^)) 

defined for measurable functions 6 as 



(j){x)fixidz) = (j){j{x,z))fi{dz). 

Hence it is sufficient to replace supp(^a;) = jX^^j supp(/i)) in order to get the result. 

Theorem 20. Assume the Levy measure fi satisfies assumption {M^i). Let u € USC{M.^ x 
[0,r]) he a viscosity subsolution of ^^ that attains a maximum at Pq = (xo,to) G Qt- If F 
satisfies {E), {S), and {Nu) then u is constant in C{Po). 

Proof. Since the proof is technically the same, we just point out the main differences, namely 
the estimate of the nonlocal term. Consider as before the smooth function 

where d{x,t) = \x — xp + A|t — toP; for large 7 > 70. Write similarly the nonlocal term as the 
sum 

J[x,t,v] = T^[x,t,v] +T^[x,t,v] + r^{x,t,v] 
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where 



T^[x,t,v]= / {v{x + j{x, z),t) — v{x,t))fi{dz) 

J\z\>l 

T'^[x,t,v]= / {v{x + j{x, z),t) — v{x,t) — Dv{x,t) ■ j{x, z))fi{dz) 

JB\Cn,',{x-x) 

T^[x,t,v]= / {v{x + j{x, z),t) — v{x,t) — Dv{x,t) ■ j{x, z))fi{dz) 

J Cn.^iix — x) 



with 



C^,^(x-x) = {(1 -7])\i{x,z)\\x -x\< \{x-x) ■ j{x,z)\ < 1/7}. 
Then the nonlocal operator satisfies for all (x, t) G 



T\x,t,v] < e-T"^(^'*) / fi{dz). 

J\z\>l 

T^[x,t,v]<je-^''^-''^ [ \j{x,z)\'f,{dz). 



B 



r=^[x,i,t;] <e-T"^(^'*)[7 / |j(x,z)|V(d^)-2c7' / \{x - x) ■ j (x , zf f^idz)] . 

■JB JC^,^i(x-x) 

from where we get the global estimation 

J[x,tM < e~^'^(^'*)[/ fi{dz) + 2j [ \j{x,z)\^fi{dz) 

JB JB 



— 2c7^ / \{x — x) ■ j{x, z)\'^ fj.{dz)] 

[Cfi - C7 / \{x-x)- j{x, z) I '^^l{dz)] . 

□ 



< 276" 



-yd{x,t) 



Vertical propagation of maxima holds under the same conditions. 

Theorem 21. Let fi be a Levy measure satisfying {M^j) and u G USC{R.^ x [0, T]) be a viscosity 
subsolution of ^ that attains a maximum at Pq = (xq, to) € Qt- If satisfies (E), (S') and (N') 
then for any rectangle TZ{xQ,tQ), TZo{xQ,tQ) contains a point P ^ Pq such that u{P) = u{Pq). 

Strong Maximum Principle can thus be formulated for Levy-Ito operators. 

Theorem 22 (Strong Maximum Principle - Levy Ito). Assume the measure fi satisfies assump- 
tion {Mil). L^t u £ USCi^^ X [0,T]) be a viscosity subsolution of ([ip that attains a global 
maximum at Pq = {xo-,to) € Qt- If F satisfies {E), {S) — {S'), and {Nu) — {N'), then u is 
constant in S{Pq). 

Theorem 23 (Strong Maximum Principle - Levy Ito). Let u G USC{M.'^ x [0, T]) be a viscosity 
subsolution of ^^ in X (0,T) that attains a global maximum at {xo,to) G X (0,T]. 
Assume the measure fi satisfies assumption (M^/) and F satisfies {Eq), (S") and {N'). Then u 
is constant in lJn>o^" ^ [Oj^o] with {An}n given by 



ON THE STRONG MAXIMUM PRINCIPLE FOR PIDES 



19 



4. Examples 

In this section we discuss the vahdity of the Strong Maximum Principle on several represen- 
tative examples. 

4.1. Horizontal Propagation of Maxima by Translations of Measure Supports. As 

pointed out in section [21 translations of measure supports starting at any maximum point xq 
lead to horizontal propagation of maxima. In particular, Theorem [2] holds for nonlocal terms 
integrated against Levy measures whose supports are the whole space. 

Example 24. Consider a pure nonlocal diffusion 

ut - I[x,t,u] = inR^ x{0,T) (7) 

where I is the Levy operator integrated against the Levy measure associated with the fractional 
Laplacian (-A)'^/^: 

Then the support of the measure is the whole space and thus horizontal propagation of maxima 
holds for equation ([7]) by Theorem [21 

Example 25. Let N = 2 and consider equation ([7]) with {^x}x a family of Levy measures charging 
two axis meeting at the origin 

with a > and supp(z/^) = M^, for all x E M^. Even though zero is not an interior point of 
the support, translations of measure supports starting at any point xq cover the whole space, 
propagating thus maxima all over M^. 

Similarly, horizontal propagation of maxima holds if measures charge cones 

with a > and supp(^'a;) = R?. 



4.2. Strong Maximum Principle driven by the Nonlocal Term under Nondegeneracy 
Conditions. There are equations for which propagation of maxima does not propagate just 
by translating measure supports, but cases when it requires a different set of assumptions. 
Nondegeneracy and scaling conditions of the nonlinearity F need to be satisfied in order to have 
a Strong Maximum Principle. But to ensure condition (A^), one has to assume [M'^). 

Example 26. Consider as before equation ([7]) and let be the Levy measure associated to the 
fractional Laplacian hut restricted to half space 

dz 

li{dz) = l{zi>o}(^) |^|jv+/3 ,/3 G (1,2). 

where z = {zi, z') e R Then can not be covered by translations of the measure 

support and therefore one cannot conclude the function u is constant on the whole domain, 
except for particular cases like the periodic case. However, C^'^ regularity results hold (cf. [7]) 
and we expect to have Strong Maximum Principle. 
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Figure 4. Even if the measures are defined on half space, we can always find 
half cones where the integral terms are nondegenerate. 

We show that the nondegeneracy and scaling assumptions are satisfied in the case of Example 
Before proceeding to the computations, remark that 

Cv,iip) = < Ip-^I < 1/7} 

= {z; (1 - v)\p\\iz\ < \p ■ lA < 1} = l"^Cri,i{p) 



f \p-z\'^rw+8 =1^1 -i^\p-z 

Jc-^,-i{p)n{zi>o} Pi ^c„,i(p)n{^i>o} 



,2 dz 



> l^-'\p\\l-rif / \z\ I 1^^^ 

''Cr,,i{p)n{zi>o} \z\ 

= civh^-^pl' 

where C(r/) = (1 — r/)^ i{p)n{zi>o} kl^^^-z/l-zl^"''^ is a positive constant. 

This further implies nondegeneracy condition (N). Indeed, there exist Rq > small enough 
and < < 1 such that for any < R < Rq and for all R/2 < \p\ < R 

f dz 
-C^ + cj / ^>-C'/, + C'(r/)7^-^|p|2^c5oas7^oo 

-'c^,7(p)n{^i>o} 

as long as /3 > 1. The rest of assumptions follow immediately. 

Similar results hold for the following PIDE arising in the context of growing interfaces [28] : 

ut + ^\Du\^ -l[x,t,u] = 0, inM^x(0,T) (8) 
with X is a general nonlocal operator of form ([3]). 
Remark 27. For integro-differential equations of the type 

ut + b{x, t) |Dn|™ - I[x, t,u]=0 in x (0, T) (9) 

with b a continuous function and as in Example [26l Strong Maximum Principle holds for 
m > 1, and for m < 1 if 6(-) > 0. 
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4.3. Strong Maximum Principle coming from Local Diffusion Terms. Theorem 12.41 
applies to integro-differential equations uniformly elliptic with respect to the diffusion term and 
linear in the nonlocal operator. 

Example 28. Quasilinear parabolic integro-differential equations of the form 

ut - tr(A(x, t)D'^u) - I[x, t,u] = in x (0, T) (10) 

with A{x, t) such that 

aQ{x,t)I < A{x,t) < ai{x,t)I, ai{x,t) > ao{x,t) > 

satisfy Strong Maximum Principle. 

We check the nondegeneracy and scaling conditions for this equation. 



(N) -tT&ce{A{x,t){I -jp(g)p)) -Cf, + cj \p ■ zl"^ i^i^idz) = 
-ai{x,t)N + ao{x,t)j\p\'^ - Cf, + cj / \p ■ z\'^ fi^idz) . 



>0, for 7 large 



>o 

{N') X-tYace{A{x,t)) -C^> X - ai{x,t)N - > 0. 

The scaling properties are immediate since the nonlinearity is 1-homogeneous. 

Remark 29. More generally, one can consider equations of the form 

ut + F{x,t,Du,D^u) -I[x,t,u] =0 (11) 

for which the corresponding differential operator F satisfies the nondegeneracy and scaling 
assumptions. The nonlocal term is driven by the second order derivatives and thus Strong 
Maximum Principle holds. 

4.4. Strong Maximum Principle for Mixed Differential-Nonlocal terms. We consider 
mixed integro-differential equations, i.e. equations for which local diffusions occur only in certain 
directions and nonlocal diffusions on the orthogonal ones, and show they satisfy Strong Maximum 
Principle. This is quite interesting, as the equations might be degenerate in both local or nonlocal 
terms, but the overall behavior is driven by their interaction (the two diffusions cannot cancel 
simultaneously) . 

Example 30. Consider the following equation where local and nonlocal diffusions are mixed up 

Ut - Ixi [u] - A^^u = in x (0, T) (12) 

for X = {xi,X2) G M'^ X M^~'^. The diffusion term gives the ellipticity in the direction of X2, 
while the nonlocal term gives it in the direction of xi 

^xiN= / {u{xi + zi,X2) - u{x) - Dr,^u{x) ■ ZilBizi))flxi{dZl) 
JR'' 

where fixi is a Levy measure satisfying (Af) with Cj^. The payoff for the Strong Maximum 
Principle to hold is assumption {M"^), with /? > 1; then Theorem 12.41 applies. 



22 



A. CIOMAGA 




Figure 5. Local diffusions occur only in a; i -directions and fractional diffusions in X2-directions. 



Indeed the nondegeneracy conditions (N) and {N') hold, because when 7 is large enough and 
P > 1 the following holds 



(N) -iN-d + 1P2 ®P2-C. 



JCl. 



-{N -d)+ 7|pi|2 -Cl + C7(l - V?\pi? 



-{N -d + Cj,)+ 7|piP + CHr])j^-^\pi\^ > -co + ci7^-i(|pip + ^2!') 



where C^{r]), cq and ci are positive constants and 

Cl^ipi) = {zi G R'^; (1 - 7?)bi||zi| <\pi-zi\< 1/7}. 

As far as the scaling assumptions are concerned it is sufficient to see that the nonlinearity is 
1-homogeneous. 

Remark 31. In general, linear integro-differential equations of the form 

ut - a{x)Ia:, [u] - c{x)A^2U = in X (0, T) (13) 

or 

Ut - a{x)l^^ [u] - c{x)Z^2 [u] = in X (0, T) (14) 

satisfy Strong Maximum Principle if the corresponding Levy measure(s) verify (M) and (M"^), 
with /3 > 1 and if a, c > C > in M^. 



Indeed, F is 1-homogeneous and (N) holds: 

c{x) ( - iN-d + 1P2 ® P2) + a{x) {-Cl + c-f 



\pi ■ zi\^ p,x^{dzi)) > 



> -co{a{x) + c{x)) + ci7^-^(a(x)|pi|2 + c(x)|p2p) 
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respectively 



a{x) {-Cj^ + c-f \pi- zi p^f^i (dzi)) + 

J Cn,j(pi) 



> -co{a{x) + c{x)) + ci-ff^-\a{x)\pi\^ + c{x)\p2\^). 



where Cr,,^{pi) = {zi] \pi ■ Zi\ < I/7}, for i = 1,2. 



5. Strong Comparison Principle 

Let C be a bounded, connected domain. In this section, we use Strong Maximum 
Principle to prove a Strong Comparison Result of viscosity sub and supersolution for integro- 
differential equations of the form ([1]) 

ut + F{x, t, Du, D^u, J[x, t, u]) =0, inQx (0, T) (15) 

with the Dirichlet boundary condition 

u = if on X [0,T] (16) 

where is a continuous function. 

Let /i be a Levy measure satisfying (M^/). Assume that the function j appearing in the 
definition of J has the following property: there exists Cq > such that for all x,y £ Q and 

\z\ < 6 

\j{x,z)\ < Co\z\ 
\j{x,z) -j{y,z)\ < Co\z\\x - y\. 

We will need some additional assumptions on the equation, that we state in the following. 
Suppose the nonlinearity F is Lipschitz continuous with respect to the variables p, X and / and 
for each < i? < 00 there exist a function iOfi{r) ^ 0, as r — )• 0, c/j a positive constant and 
< < A/j such that 

{H) F{y,s,q,Y,l2)-F{x,t,p,X,h)< 

ujR{\{x,t) - {y, s)\) + cb\p -q\+ M^{X -Y) + cb{Ii - h), 
for all x,y € Q, t,s e [0, T], X,Y e satisfying for some e > 



'X 


■ 


1 


" / -/■ 




Z 


0" 






< - 




+ 









-Y 


e 


-/ / 









, with Z G S~(0) 



and \p\, \q\ < R and li,l2 G where is Pucci's maximal operator: 

M+(X) = A^ ^ A, +XrY1 

Xj >0 Xj <0 

with Xj being the eigenvalues of X. 
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Theorem 32 (Strong Comparison Principle). Assume the Levy measure fj, satisfies assumption 
(Mc) with /3 > 1. Letue USC{R'^ x [0, T]) be a viscosity subsolution and v G LSC{R^ x [0, T]) 
a viscosity supersolution of (CP, with the Dirichlet boundary condition Md^). Suppose one of the 
following conditions holds: 



(a) F satisfies (H) with wn and cr independent of R or 

(b) u{-,t),v{-,t) G Lip{9), Mt e [0,r) and F satisfies (H). 



If u — V attains a maximum at Pq = (xo,to) G x (0, T), then u — v is constant in C{Pq). 



Proof. The proof relies on finding the equation for which vu = u — v £ USC{R x [0,r]) is a 
viscosity subsolution and applying strong maximum principle results for the latter. However, the 
conclusion is not immediate as linearizion does not go hand in hand with the viscosity solution 
theory approach and difficulties imposed by the behavior of the measure near the singularity 
might appear. 



1. Let w = u — V and consider (j) a smooth test-function such that w — (j) has a strict global 
maximum at {xQ,tQ). We penalize the test function around the maximum point, by doubling 
the variables, i.e. we consider the auxiliary function 

'2 (t - sf 



^e,v{^, y, t, s) = u{x, t) - v{y, s) 



\x - y\ 



{x,t). 



Then there exist a sequence of global maximum points {xe^ye^trj, Sr^) of function ^e^-q with the 
properties 

(xg, t^), {ye, Sr,) (xo, to) as 7], £ ^ 

|2 

£ as £ — > 



\Xe - ye\ 



and the test-function ip being continuous 



as — > 



lim (ti(xe,^) - v{ye,Srj)) = n(xo,to) - v{xo,to). 



In addition, there exist Xe,Ye € § such that 

{an + 4't{x£,trj),P£ + D(j){Xe,tn), Xe + D'^(l){x£,tri)) G T>'^''^u{x£,tri 



'X£ + D(l){Xs,tr,) 



4 


" / -/ 








+ 




-/ / 



ar,,Pe,ye) S ^ ' v{ye,Sr, 

D(t>{x,,tn) 0' 




and Pit, arj are defined by 



Consider the test function 



Pe := 2 ^ and := 2— — ^-^ 



4>l,n(.X,t) = v{ye,Sr,) + 



\x - ysf . {t- s. 



+ 



(17) 
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Then u — 4>\^^ has a global maximum at {xir,t^). But n is a subsolution of ([T]) and thus for 5 > 
the following holds 



Js[x^,tr„(t>+ — + Js[Xe,trj,D4>{Xs,tjj) +Ps,u]) < 0. 



e 



\Xs - {tr, - S)' 



Similarly, consider the test function 

(Plr,iy,s) = u{Xe,tr^) 

E Tj 

Then v — cf^^^ has a global minimum at (y^, s^). But w is a supersolution of ([1]) and thus: 
Subtracting the two inequalities and taking into account (H) we get that for all (5 > 

(t)t{Xe,tr,) - Uj{\{Xe,tr,) - {Ve, Sr,)\) - c\D(t){Xe,tr^) \ - M.-^ [D"^ (piXe,^) + - Ye) 

I |2 

- c(J'/[Xe,t^,(^+ ^ ^2^^ ] + Js[Xe,tr,,D(t>{Xs,tr,) +Pe,u]) 

- c{Js[ye,Sn,- ^^'' ^^^^ ] - Js[ye,Sn,Pe,v]) < 0. 

Taking into account the matrix inequality and the sublinearity of Pucci's operator, we deduce 
that 

M+{D^cl){Xe,tr,)+X,-Ye) < {D^ (k{x,,t^)). 

On the other hand, we seek to estimate the integral terms. For this purpose denote 

lu{z) := u{Xe + j{Xe,z),tn) -u{Xe,tn) - {pe + D(l){Xe,tn)) ■ j{Xe,z) 

U{z) := v{ye + JiVe, Z), Sri) - v{ye, Sri) - Pe ' j{ye, z) 

h{z) ■■= (t>{Xe +j{Xe,z),tn) - 4'{Xe,tn) - D(p{Xe,tn) ■ j{Xe,z). 

Fix 5' ^ (5 and split the integrals into: 

J&[Xe,tr),Pe + D(t){Xe,tn),u] = J^,[Xs,tn,Pe + D(l){Xs,tn),u] + lu{z)p.{dz) 

Js<\z\<5' 

J&[ye,Sn,Pe,v\ = j'i,[ye,Sn,Pe,v\ + 



I5<\z\<&' 

li,{z)fi{dz). 



Since {x/r^ysr^tri, Sji) is a maximum of ^e^ri we have 
u{xe + j{xe, z),tn) - v{ye + j{ye, z), Sn) 



5<\z\<S' 



\Xe+j{Xe,z) - ye - j{ye,z) 



-cl){xe + j{xe, z),tn) < u{xe,tn) - v{ye, Sn) 



\Xe - Vs 



(Xg, tr 



from where we get 



luiz) - k{z) < l^{z) + 



\i{Xe,z) -j{ye,z)\'' 



^ ; / \ I ,^2 -^e I 1 2 
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This leads us to 

f f I — I ^ 

<5<|z|<5' J<5<12|<<5' Js<\z\<8' £ 

Letting first go to zero, we get 

5-^0 



e2 



whereas close to the origin 



^ e e J|2|<5 

J&[^e,tr)A] < / ( sup L'^(^(Xs + 6lj(3;e,z),t^)j(Xe,z) • ^0. 
J|2|<<5 |6»|<1 



Furthermore, employing (|17p and the regularity of the test function as well as the upper 
semicontinuity oi u — v and the continuity of the jump function j, we have 

hm sup ( J5, [Xe ,tri,Pe + D(l){Xe,tn),u\ - J5, [Ve ,Sri,Pe,v]) 



< / l\mSUp{{u{Xs+j{Xs,z),tr,)-v{ye+j{ye,z),Sr,)) 
■J\z\>S' r/,e~>0 

-{u{Xe,tri) - v{ye,Sri)) 

-{D(/){Xs,tj,) ■j{Xe,z) +Pe ■ {j(Xs,z) - j {Ve, z)))Ib (z)) fl{dz) 

< / {limSUp{u{Xs + j{Xs,z),tr^) - v{ye + jiye,z),Srj)) 
J\z\>S' »?,£^0 

- lim (u{xe,tn) - v{ye,Sn)) 

- lim D(j){Xe,trj) ■ j{Xe,z)lB{z))fi{dz) 
r),e-)-0 

< / {{u{xo + j{xo,z),t^) - v{xo + jixo,z),to)) 

J\z\>5' 

-{u{xo,to) - v{xo,to)) 

-D(p{xo,to) ■ j{xo,z))fi{dz) = Js,[xo,to, Dip{xo,to),w]. 

Passing to the limits in the viscosity inequality we get, for all 6' > that 

Mxo,to) - c\D(j){xo,to)\ - M^iD^(p{xQ,to)) - 

c{Js:[xo,to,(l)\ + J^,[xo,to,Dip{xo,to),w]) < 0. 

Hence, w is a viscosity subsolution of the equation 

wt - c\Dw\ -M^iD'^w) - cj[x,t,w] = infix {0,T). 

In case the sub and super-solutions are Lipschitz we take R* = max{||Z)u||oo, ||-Dw||oo} and 
denote by c = cr* and w = wr* . 
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2. The equation satisfies the strong maximum principle since the nonhnearity is positively 
1-homogeneous and the nondegeneracy conditions (N) and {N') are satisfied. 



(N) -c\p\-M+{I --fp®p)-cCf, + cj \p-j{x,z)\^ij{dz)> 

,'y 

-c\p\- M^{I) + jM^{p^p) -cC^ + cj / \p- j{x,z)\'^fi{dz) > 



-c\p\ -AN + A7|pp - cCf, + C(r/)7^"^|pp > 0, for 7 large . 



Therefore, SMaxP applies and we conclude that if u — v attains a maximum inside the domain 
X (0,T) at some point (xo,to) then u — v is constant in x [0, to]- D 

Remark 33. If Pucci's operator appearing in hypothesis (H) is nondegenerate, i.e. Xr > 0, 
then one can consider any Levy measure fi, not necessarily satisfying (Mc). 

Example 34. The linear FIDE 

ut — a{x)Au — I[x, t, u] = f{x) in il. 
with a{x) > 0, satisfies Strong Comparison, as (H) holds for the corresponding nonlinearity. 

Example 35. On the other hand, for the equation 

Ut + \Dur -I[u] = f{x) in n 
with m > 2 condition (H) holds if the sub and super-solutions are Lipschitz continuous in space. 

Indeed, for u subsolution and v supersolution 

{u - v)t + \Dur - \Dvr - I[u - v] 

>{u- v)t + mlDv^-^iDu - Dv) - X[u - v] 
> {u — v)t — cD{u — v) — I[u — v]. 



6. Appendix 

We present in the following some useful properties of the nonlocal terms. For a given function 
V defined on x [0, T], consider the integral operators 



I[x,t,v]= I {v{x + z,t) — v{x,t) — Dv{x,t) ■ zlB{z))fixidz), 

and 



J[x,t,v]= / {v{x + j{x,z),t) - v{x,t) - Dv{x,t) ■ j{x,z)lBiz))fi{dz), 
Jv 

where the integral is taken over a domain T> C 
Lemma 36. Any smooth function 



v{x, t) = e 



(p{x,t) 
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satisfies the integral inequality 

I[x,t,v]>vI[x,t,ip],y{x,t)£R^x[0,T] 

Proof. The inequality is immediate from — 1 > y, S M. More precisely 

I[x,t,v] = [ (e^(^+^'*) - e^(^'*) - e^(^'*)L'(^(2;,t) • zIb{z)) n^{dz) 
Jv 

= e^(^'*) / (e^(^+^'*)-^(^'*)-l-L'9?(x,t)-zlB(z))^^((iz) 
Jv 

> e'^('='*M {ip{x + z,t) - ip{x,t) - Dip{x,t) ■ zlBiz))nx{dz). 



V 



□ 



We straighten the convex inequality to the following: 

Lemma 37. Let v he a smooth function of the form 

v{x,t) =e^(^'*). 

Then for any 5 > there exists a constant c = ^e"^ such that v satisfies 

I[x,t,v]>e'^^^'^^-[I[x,t,cp] + c / {ip{x + z,t)-ip{x,t)ffi.x{dz)], 

for all (x, t) G x [0, T], where the integral is taken over the domain V = {'^{x + z) — (p{x) > 
-6}. 

Proof. The proof is direct application of the exponential inequality 

-l>y + cy^,yy>-S. 

We now insert the previous inequality with y = (p{x + z.,t) — (p{x, t) in the nonlocal term and 
obtain 



Z[x,t,e'^\ = e^(^'*) / (e^(^+"'*)-^(^'*) 
Jv 

> e^(^'*)[/ {ip{x + z,t)-ip{x,t)-D^{x,t)-zlBiz))fj.x{dz) 
Jv 

+c / {{ip{x + z,t) - ip{x,t)Yfix{dz)]. 



V 



□ 



Similar results hold for Levy-Ito operators. 

Lemma 38. The function v{x,t) = e*^^^'*^, satisfies the integral inequality 

J[x,t,v]>v-J[x,t,ip],y{x,t)eR^x[0,T]. 

Lemma 39. For any 5 > there exists a constant c = ^e""^ such that v = e^ satisfies 

J[x, t, v] > e'^(^'*) • [J[x, t,^]+c {<^{x + j{x, z),t) - ip{x, t)fn{dz)], 

Jv 

for all {x,t) S x [0,T], where the integral is taken over T> = {(p{x + j{x,z)) — (p{x) > —6}. 
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